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0. Given a partially ordered set P, a lower end of P is a subset L 
such that p EL and 4 5 p implies 4 EL. The family _r%(P)l of all finitely 
generated lower ends, including the empty set $3, is a semilattice under 
inclusion, with set-theoretical union as semilattice-join and $3 as the least 
element. Since all principal lower ends (principal ideals) 
of P belong to Ye(P), the semilattice &o(P) can be looked at as an abstract 
extension E of P-more precisely, as its “canonical image”.2 This extension E 
can be described, up to unique isomorphism over P, without reference to 
go(P). Actually, this can be done in various ways: Given a semilattice E 1 P, 
the following statements are equivalent (cf. [5, Theorems 1.2, 2.3, 2.61): 
(i) E is the universal semilattice of P, i.e., each isotonic mapping 
v: P + F, into any semilattice F, can be uniquely extended to a semilattice- 
homomorphism #: E + F; 
(ii) P generates semilattice E, and each element p E P is primitive in E; 
(iii) each element x E E is uniquely representable as the join of a 
finite antichain C(X) C P; 
(iv) E is distributive, and for each element x E E, the least finite 
subset of P, C(x), such that x: == sup C(X), exists. 
Note that, for convenience, a semilattice will be understood to be a join- 
semilattice with least element (the join of the empty subset), i.e., a finitely 
join-complete partially ordered set. Correspondingly, a semilattice-homo- 
morphism is a jinitely join-preserving mapping, i.e., preserves the joins of all 
1 In [5], this has been denoted YN,(P). It is isomorphic with Birkhoff’s “restricted 
power” 2cp) (after due correction of the definition given in [I, 3rd ed., p. 1821). 
2 Compare Refs. [5, 11. 
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finite subsets, in particular, the join of the empty set (the least element). 
P generates the semilattice E if each element x E E is the join of a finite 
subset of P, i.e., if P is jinitely join-dense in E. An element p E E is called 
jinitely join-primitive or shortly primitive iffp 5 sup F, where F is finite, 
implies p 5 y, for some y  E F. (In the universal semilattice E of P as de- 
scribed above, P is exactly the set of all primitive elements of E!) A semi- 
lattice E is called finitely join-distributive or shortly distributive iff, for each 
element x E E, the following holds: 
if 
x < Vat, for any finite family of elements a, E E, then 
x = Vb,, for suitable elements b, 5 at . 
t 
(For equivalent conditions, cf. [6, Theorems 2.1,2.2]!). Actually, all definitions 
given here for a semilattice E apply, without any change whatever, to arbitrary 
partially ordered sets. We will take advantage of this remark in the second 
half of the paper. For the moment, we will only be concerned about the 
universal semilattice E of P as described above. Note that the sets C(X) in 
(iii) and (iv) coincide. One may call C(X) the crown of X. Actually, C(x) is the 
set of maximal elements, the crown, of P n (x] ([5, Theorem 2.11; cf. also 
11, 3rd ed., p. 1821). 
1. In [l, 3rd ed., Theorem 21, Birkhoff gave the following nontrivial 
result (which has appeared as an exercise in [l, 2nd ed., p. 143, Ex. 51). 
THEOREM 1. Let E be the universal semilattice of the partially ordered set P. 
Then E fulfills the descending chain condition ;sf P does. 
The proof as sketched in [l, 3rd ed.] is based on the Axiom of Choice. 
Starting from a strictly descending chain 
x0 > x1 > ... > xn > ... 
in E, one “constructs” a strictly descending chain 
PO > Pl > ... > Pn > ... 
in P. In [ 1,3rd ed.], it takes a fair amount of juggling various kinds of indices. 
This is not simplified by the fact that the “abstract” extension E described 
above is replaced by its “concrete” canonical image, TO(P). More precisely, 
the elements x E E are replaced by their crowns C(X). The following alternat- 
ive proof is based on the descriptions (ii) and (iii) above. It still uses the Axiom 
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of Choice, in the form of the Tychonov Product Theorem for finite sets. One 
might also use K&rig’s Infinity Lemma. 
Proof of Theorem 1. We start from the observation that, without loss of 
generality, one may assume, for each n 2 0, 
(*) Qn = n C(xk) = a. 
lizn 
For if that would not hold right from the start, one might consider 
the elements 
Yn = ~~P(Cc%) - !A), 
with the respective crowns C(y,) = C(x,) - Qn . These elements again 
form a strictly descending chain 
Yo > Yl > ... > yn > *.. . 
For proving yn+l 5 yn , it suffices to show p 5 yn , for each p E C(y,+i). 
Observing thatp 5 X, = sup C(X& we can do this using the primitivity ofp. 
Finally, assuming yn = yn+i , one arrives at the contradiction 
XTl = in v SUP Qn 5 ~n+l v SUP Qn+l = x,+1 . 
Clearly, for the new chain the analog of (*) holds. 
We then consider the finite sets 
F, = C&J u (0) C P u (0) 
(observe that C(X,) # $3, and 0 $ P!) as compact spaces in their discrete 
topologies. The product space 
F=XF, 
is then compact. The subset D C F of all descending sequences f E F 
(f(n) zf(n + I), for each n) is closed, hence compact. By easy induction 
on 72, one shows that for each p E C(xn), there is an f  E D such thatf(n) = p. 
By virtue of that, the set D, CD of all f  E D such that f(n) # 0 
is nonempty. Again, D, is closed, hence compact. Also, Dn+l C D, . By 
compactness, f~ r) D, exists. By construction, f(n) E C(x,), for each n. 
Because of (*), infinitely many of the elements p, =f(n) E P must be 
different. 
As an alternative for the second part of the proof, we may endow the 
disjoint union 
T = fi (n> x C&J 
n=0 
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with the structure of a “tree” in the following way.3 First of all, the elements 
of {n> x C(x,) are the “vertices” of rank n. Now, there exist choice func- 
tions u,: C(x,+,) ---f C(XJ assigning t o each element p E C(x,+,) an element 
4~) E CC4 such that P 5 4 P) ( a g ain, we use the primitivity of p). 
We then define (n, 4) to be an immediate predecessor of (n + 1, p) i f f  u,( p ) = 
4. This tree is “finitely generated”, i.e., each (n, 4) has only finitely many 
immediate successors (?z + I, p). But T is infinite. By Kiinig’s Lemma, there 
is an infinite “branch” 
(0, PO), (1, PI), .‘. > (n, PA *‘. .4 
Again by (*), infinitely many of the elements p, are different. 
Note that as a consequence of Theorem 1, one obtains a one-one-corre- 
spondence, up to isomorphism, between partially ordered sets with the 
descending chain property and distributive semilattices with that property. 
This corrects the misstated theorem [l, 2nd ed.? p. 143, Theorem lo], and 
improves the results [I, 3rd ed., p. 182 f.] (cf. [5, 31). 
2. Formally, the descending chain condition we have been working 
with so far is a considerable weakening of the minimal condition. The two 
conditions are equivalent only by virtue of the Axiom of Choice, which we 
have used above. This remark may throw some light on the fact that, working 
with the minimal condition, we can actually prove a much stronger result 
without using any form of the Axiom of Choice whatever. 
THEOREM 2. Let E be any finitely join-distributive extension of the partially 
ordered set P, let P be jinitely join-dense in E. Then E has the minimal property 
isf P has. 
The proof is based on the following general considerations. In any partially 
ordered set E, there is a largest lower end, denoted E,, , having the minimal 
property. We might call E, the socle of E. Note that XE E, i f f  (x] has the 
minimal property;5 it suffices, that the open interval (x] - (x} has it. Clearly, 
E has the minimal property i f f  E = E, . Finite join-distributivity as defined 
above now plays the central role in the following lemma. 
a “Trees” of the type used in logic and the theory of games are usually defined in 
terms of a “consecutive” relation, i.e., in terms of immediate predecessorship (suc- 
cessorship). These trees may be considered, of course, as special trees in the general 
sense of the theory of partially ordered sets, i.e., as partially ordered sets whose 
principal ideals are chains (cf. [4] for details). 
4 Actually, our “tree” is lacking an “origin,” which, however, one might add for 
convenience. 
s Cf. Tarski [7, p. 49, Definition 31. 
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LEMMA 3. In a jinitely join-distributive partially ordered set E, the socle 
E, is an ideal. 
That is, E,, is jinitely join-closed in E, closed with respect to joins of finite 
subsets, as far as they do exist in E (for a detailed discussion of the notion of 
an ideal in a partially ordered set P, cf. [6]). The proof is a modification and 
considerable generalization of Tarski’s proof (cf. [7, Theo&me 61) that the 
finite subsets of a set form an ideal. Consider a finite family of elements 
a, E E, such that a = vt a, exists in E. To show that a E E,, , consider a 
nonempty subset M C (a]. Consider the subset M* of the Cartesian product 
Xt (at] containing all sequences of elements 6, 5 a, such that V b, exists 
and belongs to M. Because of the distributivity of E, M* is nonempty since 
M is. But the Cartesian product X(at] inherits the minimal property from 
its finitely many factors (at]. Hence M* has a minimal element, a certain 
sequence of element b, 2 at such that b = Vt b, E M. Using distributivity 
again, we find that b is even a minimal element of M, showing that (a] has 
the minimal property, i.e., a E E,, . 
We are now ready to prove Theorem 2. Actually, assuming the minimal 
property for P, we will prove p E E, by induction on p E P. Then, since P 
is finitely join-dense in E and P C E, , E, will be finitely join-dense in E. 
But by Lemma 3, E,, is finitely join-closed in E, whence E = E,, , i.e., E has 
the minimal property. It remains to show that p E E,, provided that Q E E,, 
for each 4 < p, 4 E P. But under this inductive hypothesis, x E E, for each 
x < p, x E E. For x = Vt qt , for some finite family of elements qt E P. By 
inductive hypothesis, qt E E, , whence x E E,, by Lemma 3. Thus, (x] has the 
minimal property, for each x < p. Hence (p] has the minimal property, 
i.e., p E E, _ 
Note that distributivity does not enter the proof of Theorem 2 other than 
through Lemma 3. The following analog of Lemma 3 is due to Pickert [2]: 
LEMMA 4. In a modular lattice E, the socle E, is an ideal. 
By the observation above, we can in a sense strengthen Pickert’s result, 
obtaining the following analogue of Theorem 2: 
THEOREM 5. Let E be a modular lattice and P a Jinitely join-dense subset. 
Then E has the minimal property 28 P has. 
It would be nice to introduce a suitable form of modularity for arbitrary 
partially ordered sets which would enable us to cover both Lemma 3 and 
Lemma 4. 
Finally, let us mention that we do not need any distributivity or modularity 
assumption on E if we strengthen the finiteness condition on Pin the following 
way (cf. [3]): 
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THEOREM 6. Let E be a partially ordered set, P a$nitely join-dense subset E. 
If  P has the minimal property and ;f, in addition, each antichain of P is jkite, 
then E has the same properties. 
This combined property of P is equivalent with the minimal property for 
the family S?(P) of all lower ends of P, alternatively, with the maximal 
property for the family of all upper ends. Which, again, means that each 
upper end is finitely generated (Higman’s “finite basis property”). 
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